ABSTRACT This paper studies the distributed cooperative H ∞ control problem of multiple high-speed trains with input saturation constraints, external disturbances and nonlinear running resistance. Based on the local information, a new distributed control algorithm is proposed for each train to enable all trains to move in a stable mode while tracking a desired velocity. To attenuate the effects of external disturbances on the cooperative control, the H ∞ control technology is used and some sufficient conditions are then obtained to guarantee that the cooperative control under a desired performance is realized. Finally, simulations are provided to show the effectiveness of the results.
I. INTRODUCTION
With the rapid development of high-speed railways, singletrain operation control has been hard to meet the safety and efficiency requirements, often leading to train delays and passenger unsatisfaction. To deal with these issues, the cooperative operation control of multiple high-speed trains system has been proposed (see [1] - [6] ). For example, [1] presented a coordinated cruise control strategy for multiple high-speed trains to make each train track the desired speed with the headway distances from its neighbouring trains were kept in a safety range. Then, the results of [1] were extended to multiple point masses model with a distributed control strategies [2] . Further, [3] and [4] studied the distributed cooperative optimization problem for multiple high-speed trains. Moreover, since the control inputs of trains are always constrained due to various kind of restriction in reality, some researchers have turned their attention to the distributed cooperative control problems with input constraints (see [7] - [13] ).
The above literatures, however, all are based upon an ideal assumption of train operation, that is, no external disturbance is considered. While in practical train systems, external disturbances always exist, such as strong wind, snow
The associate editor coordinating the review of this manuscript and approving it for publication was Heng Zhang. and rain, which seriously affect stability as well as riding quality. Motivated by this fact, a large number of results on cooperative control problem with external disturbances have been presented [14] - [19] , where the effects of the external disturbances on the cooperative control were characterized by using H ∞ performance index. Besides, some researchers took the inputs constraints and external disturbances into account simultaneously for the cooperative control problems [20] , [21] . Specifically, in the presence of external disturbances, the authors in [20] solved the convex constrained consensus problem by a projection algorithm and showed that all agents reach a desired H ∞ performance while the sufficient conditions were satisfied. By introducing a constrained operator, [21] solved the distributed H ∞ cooperative problem with nonconvex constraints where the final system model is a static consensus point, i.e., the position of each agent reaches the same point and the velocity converges to zero. However, all trains always need to move in a stable model and track a desired velocity in real engineering.
In this paper, we focus on the saturation constrained cooperative control problem for multiple high-speed trains system under desired H ∞ performance. The main contribution of this paper is to design a new distributed control algorithm, which can make all trains move in a stable model and track a desired velocity with the consideration of nonlinear resistance and VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ external disturbances simultaneously. The system dynamic and control objective considered here are much more complex, making the analysis approaches in [20] and [21] unable to be applied here. To deal with this situation, the original nonlinear system with saturation constraints and nonlinear resistance is first converted into an equivalent time-varying system by a saturation constrained operator. Then, we presented a distributed algorithm to enable all trains to move in an expected mode. By using distributed H ∞ control method, the desired performance of cooperative control is finally achieved.
Notations: I n is n identity matrix of order n, E n represents the n-dimensional matrix with all elements being 1 and 1 n denotes the n-dimensional vector with all elements being 1.
II. PRELIMINARIES SYSTEM MODEL
Let G = (V, E, A) be a weighted directed graph where V = {1, 2, . . . , n} is the set of nodes, E ⊆ V × V is the set of edges, and A is the weighted adjacency matrix of graph G with non-negative entries a ij . If (j, i) ∈ E, a ij > 0; Otherwise, a ij = 0. N i = {j ∈ V : (j, i) ∈ E} denotes the set of the neighbors of node i and π i denotes the number of neighbors in set
The graph G is strongly connected if there is a path from every node to every other node, and the graph G is said to have a spanning tree if there exists at least one node that has directed paths to all other nodes.
A matrix is said to be a Metzler matrix if its off-diagonal elements are nonnegative.
Lemma 1 [14] : Let φ 2n = 2nI 2n − E 2n . The eigenvalues of φ 2n are 0 with multiplicity 1 and 2n with multiplicity 2n. There exists an orthogonal matrix U ∈ R 2n×2n such that U T φ 2n U = 2nI 2n−1 0 0 0 . The eigenvector of φ 2n associated with the eigenvalue 0 are
where
. Lemma 2 [22] : The directed graph G has a spanning tree if and only if Laplacian L of G has a simple zero eigenvalue (with eigenvector 1 n ). In addition, all the other eigenvalues have positive real parts.
In this paper, suppose that the operation resistance of highspeed train is composed of longitudinal rolling mechanical resistance and an aerodynamic drag, given by the following Davis formula [23] 
where v and m denote the velocity and mass of high-speed train, respectively. c 0 , c v and c a denote the coefficients of the damping force caused by the aerodynamic drag and the friction between the wheels and the rails. Consider a multiple high-speed trains system with n trains. Each train is regarded as a node in an undirected graph G. Edge (j, i) ∈ E indicates that train i and train j can communicate with each other. In reality, owing to the restriction of engineering and passenger comfort, the inputs of trains cannot be arbitrarily large. So, suppose that each train has the following dynamicṡ
where Sat[·] is the saturation constrain operator. x i (t), v i (t), u i (t) and m i represent the position, velocity, control input and mass of the i train, respectively.
where α i denotes the maximum actuator force of i train. Let
Thus, the system model (1) can be rewritten aṡ
III. CONTROL LAW DESIGN
To realize the cooperative H ∞ control for multi-train system, the following control algorithm is proposed (3) where k i is the feedback gain, b i = m i 2×10 3 , l ij = l i −l j where l i and l j represent the position deviation constants of train i and train j, respectively. v 0 denotes the expected final speed. Let
Rewriting the system (2) with (3), we havė
and let
Then, the system (4) can be changed intȯ
To characterize the effect of the external disturbances on cooperative control, consider the following output function
n E n ) and ρ is a positive constant. From (5) and (6), the dynamics of highspeed multi-train system considered in this paper iṡ
Clearly, if the output function z(t) converges to 0 when t → ∞, then lim t→+∞xi (t) = 1 n n j=1x j (t) and lim t→+∞ v i (t) = v 0 , which means that the cooperative control is arrived at.
Based on the above discussion, the following analysis is mainly divided into two parts.
Part I. When ω(t) ≡ 0, we need to prove that
Part II. When ω(t) = 0 and ω(t) ∈ L 2 [0, ∞), we need to guarantee that the L 2 gain from external disturbances ω(t) to output function z(t) is less than the given constant γ > 0, that is, T ωz (s) ∞ = sup
IV. MAIN RESULTS
In this section, the main results for the distributed H ∞ constrained cooperative problem are presented. Before the main theorem, we first give the following assumptions and lemmas that will be used in the following analysis.. Assumption 1: There exist v i > 0 and µ i > 0 such that
. . , n and j ∈ N i , max j {a ij } ≤ q i where q i is a positive constant.
Assumption 2: For any i = 1, 2, . . . , n and j
Due to the strong nonlinearity caused by the input saturation constraints, the existence of external disturbances would lead to an abrupt change in the system dynamics, which makes the globally stable is hard to realize and thus, this paper mainly considers local stability rather than global stability.
Lemma 3: Under Assumptions 1-2, e i ≤ e i (t) ≤ 1 for any t ≥ 0.
it follows from the definition of e i (t) that e i (t) = 1.
From Assumption 2, we have
Assume that there exist a time t 1 such that e i (t 1 ) < e i . Then, there must exist another time t 2 ∈ (0, t 1 ) satisfied that ω i (t) = τ 1 β i (t), which implies that the system matrix of (4) is a Metzler matrix. When ω i (t) has the different sign as β i (t), there must exist 0 ≤ τ 2 < 1 such that
, which means that the system matrix of (4) is still a Metzler matrix. Hence, the system (4) can be rewritten asġ(t 2 ) =˜ (t 2 )g(t 2 ) where˜ (t 2 ) is a Metzler matrix with zero row sums. Then, we can easily get that g(t 2 + t) = (I 2n +˜ (t 2 ))g(t 2 )+o( t), which implies that the system (4) is convex at time t 2 , leads to |x i (t) −ṽ i (t)| and |ṽ j (t) −ṽ i (t)| decreases and thus e i (t) increases. Clearly, this is contradictory with that e i (t) < e i for t ∈ (t 2 , t 1 ]. Therefore, e i ≤ e i (t) ≤ 1 for any t ≥ 0.
Theorem 1: Suppose that the graph G is undirected and connected. Under Assumptions 1-2, if
the system (7) realize the cooperative control with T ωz (s) ∞ < γ , where
It follows from (5) that
.
Then, we can getδ 2 (t) = U T 2 (t)U 1 δ 1 (t), which implies that δ 2 (t) is only dependent on δ 1 (t) whileδ 1 
Then, system (7) can be eventually rewritten as the following formδ
Clearly, the cooperative control of high-speed multi-train system can be realized if lim t→∞ δ 1 (t) = 0 holds. According to nonlinear H ∞ control theory, the following analysis is divided into two parts.
1)The stability of system (9) when
Evidently, when U T 1 (t)U 1 + U T 1 T (t)U 1 < 0, the stability of system (9) is realized, that is, lim t→∞ δ 1 (t) = 0.
2) T ωz (s) ∞ < γ when δ 1 (t) = 0.
In this part, we analyze the performance of the system (9) with the external disturbance ω(t). For any T > 0, consider the cost performance as
Then,
. If (t) < 0, we have J T < 0, which means that
According to Schur Complment Lemma, U T 1 (t)U 1 + U T 1 T (t)U 1 < 0 hold when (t) < 0. Therefore, when (t) < 0, the cooperative control of system (7) is achieved with T ωz (s) ∞ < γ . Define
, e 2 (t), . . . , e n (t)},
Then, from Schur Complment Lemma again, (t) < 0 is equivalent to˜ (t) < 0. Note that p i (t) ≥ p i , and it follows from Lemma 3 that e i (t) ≥ e i . Then, replacing e i (t)p i (t) in 1 (t) with e i (t)p i (t) − e i p i leads to 
It is easy to see that˜ (t) ≤ Q for all t ≥ 0, which means that˜ (t) < 0 holds when Q < 0 holds. Therefore, the system (7) can achieve the cooperative control with T ωz (s) ∞ < γ when Q < 0.
V. SIMULATION
In this section, a numerical example is carried out to show the effectiveness of the proposed algorithm. Some parameters of operation resistance are given in Table 1 and the communication graph of 4 trains is shown in FIGURE 1 . For 0 ≤ t ≤ 80, ω i (t) = 10. Then, from Theorem 1, a feasible solution is k 1 = k 4 = 7584, k 2 = k 3 = 7968 and each edge weight is 2730.1. It follows from Assumption 2 that when the initial value of the system is larger, the value of the feedback gain and weight coefficient will be smaller, resulting in a slower convergence speed of the system. Hence, to make the simulation results clear, take x 1 (0) = 380, x 2 (0) = 310, plane and FIGURE 5 shows the energy trajectories of z(t) and ω(t). Clearly, all trains cooperative move into a safe distance while the velocities converges to v 0 , the system inputs always stay in the given saturation constraints and the desired H ∞ performance is satisfied.
VI. CONCLUSION
In this paper, we study the cooperative H ∞ control problem of high-speed multi-train systems with saturation constraints and nonlinear resistance. Under the expected H ∞ performance, a sufficient condition is obtained for the velocities of each train to converge to a desired value as the positions remain at a given safe distance, and the system inputs of each train are in a given saturation constrained set. 
